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Extinction of diffusion flameswith nonunity L ewisnumbers
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Abstract. Quasisteady extinction of diffusion flames with nonunity Lewis numbers is analyzed for counterflow
diffusion flames in the diffusion-flame regime of activation-energy asymptotics. Particular attention is placed on
an excess or deficiency of the total energy in the reaction region, associated with leakage of the reactants. If the
Lewisnumber islessthan unity, thereis diminished diffusive loss of thermal energy that leads to an increase of the
total energy in the reaction zone as reactants penetrate. The resulting excess total energy strengthens the chemical
reaction, so that the flame becomes more robust and resistant to extinction. On the other hand, flames with Lewis
numbers greater than unity are found to extinguish more easily. An extinction criterion is provided that isvalid for
nonunity Lewis numbers.
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1. Introduction

Analysisof diffusion-flame structures has been greatly facilitated by the assumption of infinite-
rate chemistry [1]. Under this assumption, the chemistry is reduced to a set of algebraic
equations describing chemical equilibrium. In particular, if an overall one-step irreversible
reaction is adopted, the infinite-rate chemistry corresponds to the Burke-Schumann limit, in
which the fuel and oxidizer streams are separated by an infinitely thin reaction sheet located
where stoichiometric consumption of fuel and oxidizer is achieved. The Burke-Schumann
limit has met with some success in providing satisfactory first approximations for flame
temperature, reaction-zone location, fuel consumption and other quantities that are mainly
controlled by transport processes. However, the Burke-Schumann limit is unable to predict
phenomena associated with finite-rate chemistry, such as pollutant production, leakage of
reactants and, in particular, extinction. Prediction of these phenomena requires integration of
aset of partia differential equationswith highly nonlinear chemical-reaction terms.

For simplified chemical models employing an overal one-step irreversible Arrhenius-
type reaction rate with a large Zel’dovich number (a measure of the ratio of the activation
energy to the thermal energy), activation-energy asymptotics (AEA) has been developed,
enabling integration of the reaction rate over the thin reaction zone, thinner by an order of
magnitude than the thick transport zones. For diffusion flames, Lifian [2] derived a standard
AEA procedureto analyze diffusion-flame structures, providing an extinction criterion readily
used to find an extinction condition if only the Burke-Schumann solution is known. The AEA
extinction criterion was later applied to find overall activation energies and frequency factors
by a comparison with the results of the extinction experiments [3, 4]. The AEA procedure
still remains one of the methods favored to construct flamel et data used in turbulent diffusion-
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flame models[5, 6]. Although the extinction criterion proposed by Lifian was derived only for
flames with Lewis numbers of unity, this extinction criterion often has been applied to flames
with nonunity Lewis number without modifications to take into account all effects coming
from nonunity Lewis number [7, 8]. The full analysisvalid for nonunity Lewis numbers still
has not been published. It is the purpose of the present paper to explain these differences by
demonstrating an AEA analysisthat is generalized for nonunity Lewis numbers.

For diffusion flames with nonunity Lewis number, the usual conserved scalar [1] does not
exist, sothat it is more difficult to decouple the temperature variation from the reaction termin
species conservation. Although generalized coupling functions are defined by Lifian [9], their
distributions are still dependent on reactant leakages caused by finite-rate chemistry. Among
the generalized coupling functions, particular attention needsto be paid to the total enthalpy,
which can be constructed by the addition of a suitable combination of the species-conservation
equations to the thermal-energy-conservation equation to eliminate the reaction term. If the
Lewis number is unity, the total enthalpy is a conserved scalar, in that its profile does not
vary, even in the presence of finite-rate chemistry. However, if the Lewis number departs
from unity, asfinite-rate chemistry causesthe reactants to leak through the reaction sheet, the
total enthalpy may decrease or increase because of the unbalance of diffusion for chemical
and thermal energies. Although the variation of the total enthalpy remains small (typically of
the order of the reciprocal of the Zel’dovich number), each small variations are capable of
leading to a change of the reaction rate by arelative amount of order unity because of thelarge
Zel’dovich number. In the previous AEA analyses, that were aimed at describing extinction of
diffusion flames with nonunity Lewis number, the effects of the total-enthal py variation with
reactant |eakage were not properly taken into account, so that inaccuracies of order unity can
arise in their extinction results. In addition, some of the oscillatory and cellular structures of
near-extinction flames are found to result from the variation of the total enthalpy [10, 11, 12].

Sincewecannot cover al the phenomenaassociated with nonunity L ewisnumber, our scope
in this paper will be restricted to the phenomenon of diffusion-flame extinction. Oscillatory
and cellular instabilities of diffusion flameswill be discussed in forthcoming publications. The
extinction analysiswill mostly be parallel to that of Lifian. Therefore, emphasiswill be placed
on how to include the effects of the total-enthalpy variation and what their consequences
might be. Each algebraic step of the analysiswill be shown in detail to provide readers with a
pedagogic background. In addition, for the sake of clarity, many simplifying assumptionswill
be madeto reduce clutter in the equations. For example, Lewis numbersfor both reactantswill
be taken as constant and equal. Further calculations therefore need to be completed before the
full range of applications can be addressed.

2. Conservation equationsand boundary conditions

Since our present purpose is a demonstration of an extinction analysis for diffusion flames
with nonunity Lewis numbers, instead of accurately predicting flame structures in general
situations, a number of assumptions are introduced for simplicity. The flame configuration
employed in this analysis is a counterflow diffusion flame as illustrated in Figure 1. The
density in the flow is assumed to be constant, because variable density is not an essential
generalization to illustrate the elements of the analysis. All molecular properties are also
assumes to be constant. To simplify the molecular diffusion mechanism, the two reactants,
fuel and oxidizer, are assumed to be present in small amountsin an abundance of inert gas. In
such acase, thediffusion coefficientsof fuel and oxidizer aretheir binary diffusion coefficients
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Figure 1. Schematic diagram of a counterflow diffusion flame.

with respect to the inert, and the thermal diffusion coefficient D7, of the system is given by
that of the inert. The superscript * denotes dimensional quantities. In addition, the diffusion
coefficients for both fuel and oxidizer are assumed to be equal, so that the mass diffusion
coefficient is simply denoted by D*. Then the Lewis number, denoted by L, istheratio of D7,
to D* and also is constant.

In terms of the heat release per unit mass of the oxidizer consumed, denoted by @Q*, and
the specific heat at constant pressure, denoted by ¢, the nondimensional temperature T' is
defined as

_ oLcs(T* = T* ) :}< T _1>7
QY5 o g \T*

where T is the unscaled temperature, Y5_ . the oxidizer mass fraction at the oxidizer

boundary, 7™ __ the temperature at that boundary, o the stoichiometric mass ratio of oxidizer

tofuel, and g thenondimensional heat-release parameter definedasq = Q*Y5_ /o Lc, T .

The subscripts co and —oo refer to the fuel and oxidizer boundaries, respectively. The scaled

fuel mass fraction Y and scaled oxidizer mass fraction Yy are also defined as

)

Yr=0Yr/Y5 oo Yo=Y5/Yo o (2

Near the line of symmetry of axisymmetric counterflows, the scalar variables, such as
Yr, Yo and T, areindependent of the transverse coordinate, so that only the normal coordinate
needs to be considered. In terms of D7, and the rate of strain «*, the nondimensional normal
distance from the stagnation plane is defined as

y =y*/(Dy/a*)"?, 3)

where (D:./a*)Y/? is the characteristic thickness of the mixing layer. For chemistry, we
consider an overall irreversible one-step Arrhenius reaction with reaction orders of unity for
both fuel and oxidizer. Then the rate of fuel consumption per unit massis given by

w* = BYSY} exp(—E* /R*T) 4)
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where B* is a pre-exponential factor with units of reiprocal time, E* the overall activation
energy, and R* the universal gas constant.
Under these assumptions, the conservation equationsfor species and energy can bewritten

as
d;% + 2Lydd% — DaYy Yy exp (—%ﬁ) : ©)
‘;272 N ZLyfjj_j o, ©)

where Da is the Damkohler number defined as Da = B*LYj__ /a*. In Equations (6) and
(7), the modified mixture fraction Z and the modified total enthalpy H are[9]

ZE(YF—Y0+1)/(1+AF), HET+(Y0+YF)/2, (8)

where an equivalenceratio Ay isgivenby Ap = oY} /Y5_ - Itisworthy of notethat Z is
aconserved scalar, because both Lewis numbers for fuel and oxidizer are equal. If two Lewis
numbers are unequal, the equation for Z will have an inhomogeneous term, which will cause
thedistribution of Z to vary with leakage. With aknown distribution of Yz, Z and H describe
the corresponding distributions of Yy and 7', respectively. Use of the coupling functions Z
and H, instead of Y, and T', enables us to determine the reaction-sheet location and the flame
temperature without using jJump conditions.
The applicable boundary conditions for Equations (5)—(7) are

Yrp > Ap, Z—1 H— Hy=Tx+ Ap/2 aSy—>oo}

9
Yr — 0, Z—0, H-—1/2 as y — —oo ®

Since the Arrhenius reaction is controlled mainly by the temperature distribution, it does not
distinguish chemical differences between the fuel and oxidizer. Systems with Ar > 1 are
symmetric to systemswith A < 1in the sense that they can be converted into each other by
exchanging the fuel and oxidizer. Here we therefore consider only caseswith A, > 1.

3. Burke-Schumann solution

Thefirst approximationto thediffusion-flame structureisthe Burke-Schumann solution, which
arises from infinite-rate chemistry, i.e. Da — oo. Under this limit, Equation (5) requires that
YoYr = 0, that is, the fuel and oxidizer streams are separated by a reaction sheet.

As afirst solution to the conservation equations, the modified mixture fraction is found to
be

Z =1- Lefc(VLy), (10)

where ‘erfc’ is the complementary error function [13] and the ‘bar’ denotes the Burke-
Schumann solution. Since Yr = Yo = 0 at the reaction sheet, Z;, = 1/(1 + Ap) and the
reaction-sheet location y, isfound to be

ys = L2 erfc™ Y (2Ap /(1 + Ap)), (11)
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where ‘erfc™!" is the inverse complementary error function, and the subscript s denotes
quantities evaluated at the reaction sheet. The distribution of Yz is obtained from (5), and the
corresponding distribution of Yy is subsequently obtained by substituting Yz and Z in the
definition of Z in (8). The profiles are then given by

Y = [Ap — 3(1+ Ap) erfe(VIy)luly — ys), 12)
Yo = [2(14‘ Ap) erfc(VLy) — Aplu(ys — y),
where u(z) is the unit step function; u(z) = 1for z > 0and u(z) for z < 0.
Integrating (7), we find that the distribution of H is given by
H = }erfc(y) + (ATfT + %) [2 — erfc(y / h(O)G(¢y) dC, (13)
where the Green’s function G((; y) is
1 /mexp(¢?)[2 — erfc(()] erfe(y) for y > ¢
G(C:y)z{‘l‘ﬁ ( 2)[ (¢)] erfe(y) y 14)
avmexp(¢?)erfe(¢)[2 — erfe(y)] for y <(
and h(y) isthe inhomogeneousterm of Equation (7), given by
dYr dYp
M) = (- L)y | G+ G
= (1+ Ap)(1 — L)y/L/my exp(—Ly?) san(y — ys)- (15)

As a part of the solution for H(y), H, is of particular interest. Since Y = Yp = 0 at
y = ys, Hs corresponds to the nondimensional Burke-Schumann flame temperature and is
given by

Hy = (1 + Ap)LY? exp[(1 — L)y?] erfc(ys)[2 — erfc(ys)] + 3To[2 — erfe(ys)].  (16)
In addition, the gradients of H and Z at the reaction sheet are

fj—’é = —5(1+ Ap)(L/m)*? exp(~Ly?)[1 — erfe(ys)] + Toor™ Y2 exp(—y?), 17)

= L/mexp(—Ly?),

which will be used to scale the inner-layer analysis.

4. AEA analysis

Oncetherate of the chemical reaction becomesfinite, i.e., the Damkdhler number Da becomes
finite, the reactants begin to leak through the reaction sheet. Taking the Zel’dovich number 3,
defined as

E* qH,

3 18
R*T* (14 qH,)? (18)

g
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to be the large expansion parameter, we are concerned with a limit in which the magnitude
of the reactant leakage is of order 3~1. This distinguished limit defines the diffusion-flame
regime or near-equilibrium regime [2]. Here we pose the problem of finding the value of Da
corresponding to a specified value of fuel or oxidizer leakage of order 1.

4.1. OUTER CONVECTIVE-DIFFUSIVE LAYER ANALYSIS

In this layer, the scalar variables are perturbed from their Burke-Schumann distributions in
theform

Yo = Y; +B7HY; + -
ZM = Z 4+ B3 g, Z +... pfori=0,F. (19)
HOUt — H+ﬁ—lgsﬁ+ -
If Y, Z and H arereplaced by Y, Z and H, the conservation equationsfor Y, Z and H are
identical to (5)—(7) with a vanishing reaction term. The applicable boundary conditions are
homogenous at both boundaries. R
The solution for Z is found to be identically zero throughout the flow, so that Yr is equal
toYp. Then, Yy and Y, may be written as
Y11+ Ap)Aterfe(vIy) for y >y,

. ; (20)
Y=3(1+ Ap)[2 - erfc(v/Ly)] for y <y,

n:%:{

where Y+ = Y (yF) = Yo(yF). Here Y+ represents the oxidizer leakage, while Y~ does
the fuel leakage. TheleakagesY * are still unknown and will be determined |ater by matching

with the inner-layer solution. R R
In amanner similar to how H, was obtained, H, isfound in terms of Y+ to be

H,=C;Y  +C}y™ (21)
where the constant C" are
Cy = {3+[(1- L)ys3vm — (1+ Ap) VL exp(—Ly?)]
exp(y?)[2 — erfe(y, )]} erfe(ys,),

1+AF
Ap

CH={-[1-Lyy3vr+ VL exp(—Ly?)]

exp(y?) erfe(ys) }[2 — erfe(y, )]. (22)

Here H, may be called the excess enthalpy, since it measures an excess or deficiency of the
total enthalpy at the reaction sheet from H. As the reactants leak through the reaction sheet,
the chemical enthalpy in the reaction zone increases from that of the Burke-Schumann limit,
while the thermal enthal py decreases. Depending on whether the Lewis number L islessthan
or greater than unity, an excess or deficiency in the total enthalpy may occur. If the Lewis
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Figure 2. Variation of C;” with A for various values of L.

number is unity, the increase of the chemical energy is exactly balanced by a decrease of the
thermal energy, so that H, = 0. However, if the Lewis number isless than unity, then the loss
of the thermal enthalpy is smaller than the gain of the chemical energy, because of a weaker
heat |oss toward the colder boundaries, contributed by the effect of smaller thermal diffusivity
compared with mass diffusivity. Therefore, the excess enthalpy H, becomes positive for
L < 1, while H, isnegativefor L > 1. It isthe excess enthalpy H, that causes the extinction
characteristics of flames with nonunity Lewis numbers to become different from those of
flames with unity Lewis number.

Figure 2 shows variation of Cy with A and L obtained from (11) and (22). The corre-
sponding value of C; can aso be found from Figure 2 because CF (Ar) = C; (1/AF). If
the ratio Ay is unity, then C’;t =(1- \/E)/z. In addition, for Ap — oo, the asymptotic
behaviorsof C arefoundtobe C; — 0and C;f — 1 — L. Ontheother hand, C; — 1— L
andCj — O0asAp — 0.

In real combustion systems, Lewis numbers for fuel and oxidizer are seldom equal or
constant, so that evaluation of the excess enthalpy H;, i.e. evaluation of the constants CE,
becomesalgebraically more complicated and tedious. Thenit isuseful to calculate numerically
the valuesof C;*. To do so, wefirst set Y, = 1and Y, = 0, and then calculate the profile of
Y. Thedifferential equation for Y isidentical to (5) with the homogeneous right-hand side,
L = L and Y being replaced by Y. The profile of Y, can be found from the subsequent
numerical integration of Z and the coupling relation in Equation (8). However, it must be
noted that, if Lp # Lo, the differential equation for Z is no longer homogeneous, i.e. there
exists an additional transient-convective term of Y} in the right-hand side of (6), so that Z is
no longer identically zero. Finally, numerical integration for A, the differential equation of
which is givenin (7) with ‘hat’ placed on all state variablesand Y and Yo, separately taking
L= Lpand L = Lo, yieldsthe profile of . Then the value of H, corresponds to the value
of C; . Inamanner similar to how we obtained C;, we can find the value of C by setting
Y, =0and Y, = 1 Similarily, Z, can be expressed asalinear combination of Y.
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4.2. INNER REACTIVE-DIFFUSIVE LAYER ANALYSIS

In the reactive-diffusive layer, the scalar variables are perturbed from their values of the
Burke-Schumann solution at the reaction sheet. SinceYy = 0 at y = y,, the inner expansion
for Yr isgiven by

Vit = 5 H (¢ + €), (23)
where the stretched inner coordinate ¢ is given by

§=ABy —ys) — A (24)

The constant factors A and A\ will be adjusted later to simplify the inner-layer analysis. The
previous solution for the modified mixture fraction Z is valid, even in the reaction zone,
because Z is a coupling function. Then, in terms of the inner variable ¢, Z is expanded near

Yy=ysaS
Z=0A+Ap) Y+ B YZI¢JA+ HZy + Z N A] + -+ - (25)

Substituting (23) and (25) in the first of Equation (8), we find that the inner expansion of Yy
isgiven by
Y = 7 H, [+ (1— A YA+ Ap)H; 2 Z) e — A+ Ap)(Zo+ ZLA7THTIN) ] +- - - .(26)

Here we can adjust the two free parameters A and ) to obtain a simpler functional form for
Y/ Upon choosing

Y5 = B (¢ €) (27)
we find the two parameters to be
A=31+A4p)ZHY, A= 31+ Ap)Z,=0. (28)

For this analysis, trandation of the inner variable from g, by an amount X is not necessary
because Z, = 0. However, if Z, # 0, which occurs for Lo # Ly, such a transation is
essential if we are to fix the coordinate where Y = Yp. If thisis not done, then the resulting
inner-layer equation may explicitly include the leakage terms, so that the solution of the
inner-layer equation becomes more complicated.

Theinner expansion of the temperatureis obtained in amanner similar to that employedin
obtaining (27). Expanding H in terms of ¢ and substituting the resulting expansion and (23)
and (27) in the second of Equation (8), we find

Tin:Hs_ﬁilﬂs((ﬁ_’—ﬁ)/g_ﬁs)v (29)
where v is a heat-loss parameter, defined as

= L erfely) - o 7 OB — i) (30)

_ . eH
T T AT Az



Extinction of diffusion flames 109

107 0.9
X 08

b 0.7
10 F N\ -06

-0.4
-0.3

-0.1
'd i 7=0.0

L Numerical solution
------- Approximate solution

o1 — s E— : :
0 05 1 15 2

Figure 3. Variation of A with o™ for various values of ~.

If v = 0, then the rates of heat losses are equal at both boundaries, while v = 1(—1)
corresponds to adiabatic conditions at the oxidizer (fuel) boundary.

Substituting (23), (27) and (29) in Equation (5), we obtain the governing equation for the
inner layer as

d?p

a2 Ap+ &) (¢ — &) exp[—(¢ + )],
(31)
d—¢ —+1 as ¢ — £oo
d¢ ’
where the reduced Damkohler number A is defined as
N 4H§ E* 1
A = Daexp(t) 4 5oz &P (‘ RT" 1+ qu) ' (32)

We obtain the boundary conditionsin (31) by matching with the slopes of the Burke-Schumann
solution. The simple boundary conditions in (31) are obtained as a result of an adjustment of
the parameters A and \. The above inner problem was initially derived and solved by Lifian
[2]. For a suitably specified value of A, there exists a unique set of the leakage parameters,
defined by

o = (¢+€)*oov ot = (¢_ g)oo (33)

Figure 3 shows some of the numerical resultsfor A asafunction of o~ . It is seen from Figure
3 that there is aminimum value of A, below which no solution exists. Although Figure 3 is
for negative v, we may apply the figure also for v > 0 by replacing o~ with o™, because the
inner problem is symmetric in . In addition, the derivative of A with respect to o, which
is required to determine the extinction condition, is shown in Figure 4. Appendix A provides
further details on how the curvesin Figure 4 are computed.

To complete the analysis, the leakage parametersa— and ot are matched to the first-order
outer solution to yield

Y =a, Yyt = at, (34)



110 J. S Kimand F. A. Williams

0.2 T T
y=00/ 0.y 02, g3
04 g5
08
0.7
08 |
g

et
“ o
-0.2 4
Numerical solution
------- Approximate solution
1 1
1

0.4
0.4 10 30

a

Figure 4. Variation of A’ with o~ for various values of ~.

which showsthat o~ and o™ are proportional to the fuel and oxidizer leakages, respectively.
Then, the Damkohler number Da is given as

- (14 Ap)227233 E* 1
Da=A —-H . _
a=Aep(—H)—— s BT 1+ qH, )’ (35)
where the excess enthalpy H; is
Hy=C;a +Cfa™. (36)

From (35) and (36), the Damkohler number Da can then be expressed as a function of the
fuel-leakage parameter o~

If the equivalenceratio Ay issufficiently large, which istypical of many diffusion flames,
then the value of ~ approaches negative unity, as is seen from Equation (30). Under this
circumstance, the larger leakage parameter correspondsto «:—, because the reaction becomes
rapidly frozen in the oxidizer stream in which the heat loss is greater. Moreover, the oxidizer
leakageto the fuel boundary vanishes, so that the dominant contribution to the excess enthal py
is associated with the fuel leakage.

5. Quasisteady extinction condition

To calculate the Damkohler number, first we solve for the Burke-Schumann flame structure
with the boundary conditions and physical parameters. Then, all thetermsin (35), except for
A and Hj, are determined from the Burke-Schumann solution. For ~ already determined by
(30), avalue of the fuel-leakage parameter o~ ischosento find A and o™ from the numerical
solution of (31). The Damkohler number corresponding to the specified value of o~ isfound
from (35) and (36). Repeating the same procedure for different values of o, we find the
variation of the Damkdhler number Da as a function of « . It is essential to guard against
overlooking the factor exp(H,) in Equation (35). Ignoring this excess enthalpy contribution
hasled to errorsin certain earlier works.

As o initially increases from zero, Da decreases from infinity, and Da may exhibit a
minimum at a certain value of o~—. Any further increase of .~ from the minimum condition
leadsto an increase of Da. If avalue of Da islessthan the minimum value of Da, denoted by
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Dag, there exists no steady solution to our problem. Therefore, the minimum condition can
be identified as the quasisteady extinction condition, and Dag is referred to as the extinction
Damkohler number.

The simplest extinction analysis is encountered when L = 1. Since the excess enthal py
H, is zero for L = 1, the only term in (35) that is dependent on the fuel-leakage parameter
«~ is the reduced Damkohler number A. Therefore, the quasisteady extinction condition
corresponds to the minimum of A. An approximation for the minimum A, denoted by A,
as afunction of the heat-loss parameter -y is given by Lifian [2] as

A = e[(1=|y]) = (1= |7])* + 0-26(1 — |])° + 0:055(1 — |~])“]. (37)

Once the Burke-Schumann flame structure is determined, we can easily obtain the extinction
Damkohler number from (35) and (37), even without performing the AEA analysis presented
in the previous section.

However, if H, # 0,i.e. L # 1, thenthe A, correlationin Equation (37) isno longer valid
for the quasisteady extinction condition, and variation of the excess enthalpy H, with o~
must be taken into account to calcul ate the extinction Damkodhler number. It is the variation of
H,, whichwas not properly included in some previous analysesfor diffusion-flame extinction
with nonunity Lewis number. Differentiating the logarithm of (35) with respectto o, wefind
that

1 dD
—Da—daf‘ = A —C, —rC], (38)
where
1 dA do™
I e — = —_—
A_Ada_’ "= da— (39)

Then the minimum of Da |leads to the quasisteady extinction condition in the form
A'=C; +rC). (40)

Here it should be kept in mind that the quasisteady extinction condition corresponds to the
minimum of the Damkohler number, not to the minimum of the reduced Damkohler number
givenin (37), although other conditions, such as onset of instability, sometimes are related to
the minimum of the reduced Damkdhler number [12].

For L < 1, the right-hand side of (40) is always positive, because C and r are positive
definite. Then, the quasisteady extinction occurswith A’ > 0, that is, beyond the turning point
of the A — a~ curve. As o~ increases from its value at the turning point, denoted by «;,,,
the reduced Damkohler number A begins to increase. However, Da continues to decrease,
because the additional gain of the excess enthalpy strengthens the chemical reaction, so that
the flame becomes resistant to extinction. The quasisteady extinction can occur only when
the increase of A with increasing o~ is large enough to overcome the effect of the excess
enthalpy. As aconsequence, diffusion flames with L < 1 extinguish with fuel leakage greater
than «;,,. On the other hand, for L > 1, extinction occurs befor the A — o~ turning point.

Toillustratetheeffectsof F, onthe quasisteady extinction, sample calcul ationsare reported
here. In two previous flame-structure analyses with nonunity Lewis numbers [7, 8], the
excess-enthalpy effects were not taken into account, while the Burke-Schumann solutions
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were properly obtained. Since the effects of the reactant leakage appear only in the reduced
Damkohler number A and the excess enthalpy H;, it is more convenient to introduce a
modified reduced Damkohler number A as

A = Aexp(—H,). (41)

Then, quasi steady extinction occurs at the minimum of A, denoted by A ;;, and theinaccuracy
introduced by neglecting the effects of the excess enthalpy arises only from the difference of
the factor Ay from A,,.

An example is demonstrated for Ax = 1 and T, = 0. We find that y, = 0,CF =
(1-+VL)/2,y =0,andr = 1. The quasisteady extinction condition becomes A’ = 1 — VL.
Figure 5 shows the variation of A with the leakage parameter .~ for various values of the
Lewis number. For the case of L = 1, the turning point of A occursat A, = A,,. Asthe
Lewis number decreases, turning of A — o~ curveis delayed to a smaller value of Ay, i.e.
alarger value of strain rate. For a range of the Lewis number, Figure 6 shows the ratio of
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the value of Ay to A,,, denoted by Ry = A /A,,, which represents the inaccuracy of the
extinction Damkdhler number when the excess enthalpy is neglected. It is seen from Figure 6
that the extinction Damkohler number can be in error by afactor of two. Also seenin Figure
6 is the ratio of the extinction fuel-leakage parameter o, to «;,, showing that o, is much
larger than o, for L < 1.

In order to use Equation (40), the quasisteady extinction condition has to be found by an
iterative method from numerical results for the functions A(a~) and o™ (o). However, if
the heat-loss parameter + is close to —1 or 1, the relationship for A(«~) can be approxi-
mated in an explicit functional form [14], so that the quasisteady extinction condition can
be readily calculated. For most practical diffusion-flame configurations, the equivalenceratio
Ar is extremely large(usualy greater than 10), so that v — —1 turns out to be a redlistic
approximation. Under this limit, the oxidizer leakage is negligible, while the fuel-leakage
parameter o~ near extinction is much greater than unity. From a distinguished limit in which
(v+1) < landa™ > 1, Appendix B derivesthe asymptotic relation for A(a~) as

A = 2(a”) " texp(ma~)[1 — 3:3440m + 1-3440(a~) 7Y, (42)

where m is a new heat-loss parameter defined asm = (1 — |y|)/2 and m > O0(m < 0)
corresponds to subadiabaticity (superadiabaticity) of the flame to the fuel stream. From this
result, the quasisteady extinction condition in (40) can be rewritten as

1+ 1.3440(m — C;)

— Y
m_Cs

(43)

ap =
which gives the two-term approximation to a/,. Substituting this approximation in (41) and
(42), we find the two-term approximation to A at quasisteady extinction as

Ap = 2e(m — C;)(1—2m — 1.3440C;) (44)

and the extinction Damkohler number is given by

_ (1+AF)ZZIZB3 E* 1
Dag = A 5T ex — . 45
B 8T P\RT_ 1+, (49)

Equations (42) through (44) become applicable for v — 1 when wereplace o~ and C; with
o and C. If aflameis nearly adiabatic, we can obtain the quasisteady extinction condition
from (44) without performing the inner-layer analysis.

Thelimit of m — O usually occurswhen theratio A isalarge value. As can be seen from
Figure 2, C; aso approacheszero. Under this circumstance, the leading-order approximation
to Ap becomesAg = 2e(m — C; ). Since A,,, = 2em, theratio of the extinction Damkohler
numbers R, defined in the previous paragraph for Figure 6, becomes Ra = (m — C ) /m.
Therefore, inaccuracy of the extinction Damkodhler number depends on how close the factor
C; istom. R

In (43) and (44), it should be noted that only the positive solution for a or Ag is
meaningful. Otherwise, there is no quasisteady extinction condition until the fuel-leakage
parameter .~ isincreased from zero to infinity. The necessary condition that Az is positive
corresponds to m > (. Considering the case of L = 1, i.e. C; = 0, we observe that this
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Figure 7. Variation of A witha™ for Ap = 20, T, = O0and L = 0-25,05,1, 2,4.

necessary condition says that extinctions are achieved only for subadiabatic flames (m > 0),
which confirms the conventional result [2] that Dag — 0 asm — 0. However, for L < 1,
there existsasmall range of the positive heat-l10ss parameter m that does not give any positive
solution for a,. Consequently, for L < 1, quasisteady extinctions cannot be found, unless
the flame is sufficiently subadiabatic at both boundaries. On the other hand, for L > 1,
superdiabatic flames with the parameter m in therange of C;- < m < 0 can be extinguished.

Variation of A with o~ for L = 0-25,0.5,1,2,4 is shown in Figure 7 for the case of
T = 0and Ar = 20, which is a typical equivalence ratio for hydrocarbon-air flames.
Contrary to the flamesin Figures 5 and 6, in which Ar = 1 and heat losses are equal at both
boundaries, the flamesin this case are slightly subadiabatic. It is apparent from Figure 7 that
the effect of the excessenthalpy is even greater for nearly adiabatic flames. As comparison of
A with A,, shows, for the case of I. = 4, exclusion of the excess-enthalpy effect givesrise
to the inaccuracy of the extinction Damkohler number by a factor of fivefor A = 20, while
theinaccuracy for A = 1isnot greater than afactor of two. In addition, there are no turning
points for L = 0-25 and 0-5. The numerical calculations for these Lewis numbers show that
the values of C; are greater than the values of m, so that the excess enthalpy effect is strong
enough to overcome the heat losses. Consequently, extinctions do not occur for these flames.
However, it must be kept in mind that the above results, namely that subadiabatic flames with
Lewisnumbers|essthan unity may not be extinguished, need to be carefully interpreted. Since
many assumptions, such as equal Lewis numbers and one-step Arrhenius reaction rate, are
introduced in the model flames, the actual subadiabatic range, in which realistic flames are
not extinguished, will be quite different from that in the model flamesin Figure 7.

6. Concludingremarks

In this work, we analyzed quasisteady extinction of diffusion flames with nonunity Lewis
numbers by employing a counterflow diffusion flame asamodel. Of particular interest was an
investigation of the effects of excessenthal py on extinction characteristics of diffusion flames.
From the analysis employing the diffusion-flame regime of activation-energy asymptotics,
the results showed that diffusion flames with Lewis number less than unity are more robust,
because a gain of the excess enthalpy by the weaker diffusive loss of the thermal energy
strengthens the chemical reaction. The resulting extinction Damkohler numbers can differ by
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an amount of order unity from values obtained without consideration of the effects of the
excess enthalpy.

Influences of the excess enthalpy will also appear in extinction analyses with full or
reduced chemical kinetics. Since the asymptotic analyses with reduced chemistry are devel-
oped to obtain quantitatively reasonable extinction conditions, a neglect of the effects of
excess enthalpy may lead to inaccuraciesin the asymptotic results. In particular, hydrogen-air
flames near extinction are expected to be most significantly influenced by excess enthalpy
because, besides |eakage of hydrogen, leakage of the H radical can be significant throughout
the flow [15]. Unlike hydrogen-air flames, hydrocarbon-air flames may not be affected by
excess enthalpy. The results of rate-ratio asymptotics for methane-air flames [16] show that,
although the heat loss to the fuel stream is smaller, oxygen leaks through the reaction zone,
because of the faster fuel-consumption step compared with the oxidization step. Because the
Lewis number of oxygenis closeto unity, the excess enthalpy is not likely to be large enough
to modify the reaction rate significantly for these flames.

Errorsin the extinction Damkohler number by afactor of two would be acceptablein some
applications. However, the shift of the quasisteady extinction condition from the minimum
condition of A is found to be important for dynamics of near-extinction flames. A recent
analysis concerning diffusional-thermal instability of diffusion flames [12] has shown that
instability can beinitiated between the minimum condition of A and the quasisteady extinction
condition for L < 1. In addition, for L > 1, planar disturbances are suspected to become
unstable even before quasisteady extinction[10, 12], so that thereal extinction condition might
correspond to apoint at which the planar instability isinitiated. Because of these complicating
possibilities, the extinction condition identified by the minimum of the Damkdhler number is
strictly termed quasisteady condition in the present analysis. Further studies are necessary to
understand fully the dynamic behaviors of near-extinction diffusion flames.

Appendix 1. Method for calculating the derivative of theinner-layer structurewith
respect to reactant leakage

Results for A’ are needed in Equation (40) to identify the quasisteady extinction condition.
In principle, we may obtain A’ by solving the inner problem in (31) for various values of
«a~ and then differentiating numerically. However, this is quite inaccurate, and therefore the
aternative procedure described here is employed.

In order to calculate various derivatives of the inner-layer flame structure with respect to
a~, Equation (31) is expanded to include asmall perturbation of «~ about a given value c, .
Since ¢ and A are parametrically dependent on o, letting & a small increment in o, we
may write

a =ag +a
0
¢(£:a‘)=¢(£:aa)+8a—¢i(£:aa)&+---=¢(£:aa)+®(£:aa)&+--- (A
Aa™) A(aa)—i-(;jTA LAt =Nl Ald )
where
0 , _dlogA _
Ea%%_,AE d‘fﬁ aa,AoEA(aO). (A.2)




116 J. S Kimand F. A. Williams

Substituting the above expansionsin (31) and collecting the terms at order & alone, we find
the problem for determining ® and A’ to be

2
% = Doexpl—(¢ +7E)][(26 — ¢ + )@ + A (¢ — &)
g (A.3)
d_f —0 as§ — oo

To Equation (A.3) must be appended a supplementary condition to assure that the matching
condition for the fuel leakage, o™ = (¢ + £) o, IS Satisfied,

ag +a=¢&op)+Pa+E asE — —oo. (A4

Since oy = [Py ) + €], the applicable supplementary condition for (A.3) is then found
to be

®—+1 as¢ — —o. (A.5)

Solution to (A.3) with the additional condition in (A.5) yields a unique function @, the
eigenvaue A’ and a constant value for ®(co), which corresponds to » = da*/da~. For
~v = 0,itisfoundthat » = 1for al valuesof o~. The value of r decreasesasy decreasesand
approaches zero as v approaches negative unity. Corresponding numerical results for A’ are
shown in Figure 4 as a function of o~ for various values of +.

Appendix 2. Approximateinner solution for near-adiabatic case

If theratio Ap islarge, then the flame is nearly adiabatic on the fuel side, i.e. the heat-loss
parameter +y is close to negative unity. In this limit, the inner solution can be approximated
through an asymptotic approach. The procedure shown here follows a previous analysis by
Clavin and Lifan [14].

To proceed with the analysis, it is convenient to introduce new variables as

77:25—047:25—0,/771’ (,0:¢—§, (AG)
where an alternative heat-loss parameter m is defined as
m= (1 |y])/2 (A7)

and the fuel-leakage parameter .~ isrescaled accordingto o~ = a/m with a being of order
unity. For small valuesof m, we posethe problem of finding the reduced Damkohler number A
that correspondsto a given value of the rescaled fuel-leakage parameter . Upon substitution
of the vew variables of (A.6) in (31), the inner equation becomes

dz_go _A ae”?
dn? 4m

Yoo =0, (41— = 0.

¢ &xp[—(p + mn)] {1 + %(‘P + 77)} ) (A.8)
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With the parameter m taken as the small expansion parameter, the solution is sought in the
form

¢ =0+ mprt--
0 : (A.9)

9 oL+ md+ )

0=A

where ¢, 1 aswell as §p and d are assumed to be of order unity.
At the leading order, we find

d2900
d—772 = dowo EXP(—o), (A.10)

wo— 0asn —+ o0, ¢o+mn—0a8Sn— —o0.

The energy integral of the above equation results in 69 = 1/2, thereby providing the first
approximationto A,

A = 2ma texp(a) = 2exp(ma ) /o~ (A11)
The equation for ¢1 of the expansionin (A.8) is

d? 1
d—@zl = doo €XP(—o) {901 (— - 1) +d—n+
Ul %0

<po+n]
a b)

(A.12)
p1 — 0asn — +oo.

Multiplying the both sides of this equation by dpgo/dn, we find that

d [dpodpr  dp
dp |dp dy a2 ¥

d 1 +
— dogoexp(—p0) 12 |ox (o —1) +d—n+ P11 (a3
7 ¥0 a

which can be integrated from —oo to oo to yield

d 1-a
_§_1+V o =0, (A.14)

where use has been made of theintegral identities

oo d 1 oo d
[ doo eXp(_‘PO)dinO dn = —5 [ 0§ eXIO(—soO)d%0 dn=-1

and the constant v is
o0 dyo o0 dyo
v= / dopo eXp(—po) ——n dn = / (1 + —> dpo = 1-3440
S dn 0 dn
Therefore, the two-term approximation to A is found to be given by (42). This approximate

solution is shown in Figures 3 and 4 by the dotted lines, which reveal reasonable accuracies
inthelimitof m < 1anda™ > 1.
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